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Abstract
The heat kernel for the spin-3/2 Rarita-Schwinger gauge field on an arbitrary Ricci
flat space-time (d > 2) is investigated in a family of covariant gauges with one gauge
parameter α. The α-dependent term of the kernel is expressed by the spin-1/2 heat
kernel. It is shown that the axial anomaly and the one-loop divegence of the action are
α-independent, and that the conformal anomaly has an α-dependent total derivative term
in d = 2m ≥ 6 dimensions.
† On leave from Department of Physics, Yamagata University, Yamagata, 990 Japan.
1 Introduction
The heat kernel and its Schwinger-De Witt expansion [1-3] are useful tools in quantum
field theory. For example, by using them we can obtain one-loop divergent terms of
effective action [2] and various kinds of anomalies [4-6].
The heat kernels of various fields have been studied well so far for minimal second order
differential operators, that is, for the operators whose leading term is the laplacian [2, 3].
For this kind of heat kernel, there is an algorithm by De Witt [2] of getting expansion
coefficients of coincidence limit of the kernel; calculations can be performed covariantly
at all stages. This technique is based on the De Witt ansatz [2] which does not apply
to non-minimal operators. In gauge theories, however, field operators are non-minimal
unless special gauges are chosen. Thus, we must deal with non-minimal operators in
general.
There are several works of investigating the heat kernels for non-minimal operators
[7-11]. And there exist general algorithms of getting the expansion coefficients covariantly
[10, 11]. The calculations are more complicated than the De Witt’s algorithm. Fortu-
nately, if we restrict ourselves to the non-minimal operators appearing in gauge theories,
there exists easier way to get the heat kernel expansion coefficients. For the electromag-
netic field Aµ in curved space-time, the present author [7] have given a formula such that
the heat kernel in a general covariant gauge is expressed in terms of the kernel in the
Feynman gauge. The field operator H(α) for Aµ in the covariant gauge is given by
H(α)Aµ = [✷δ
ν
µ + (1/α− 1)DµDν +R νµ ]Aν , (1)
where α is a numerical gauge parameter, Dµ denotes the gravitational covariant derivative,
✷ = DµD
µ and Rµν is the Ricci tensor. The operator H(α) is non-minimal unless α = 1
(Feynman gauge). The formula given in ref.[7] is
〈x, µ|e−tH(α)|x′, ν〉 = 〈x, µ|e−tH(1)|x′, ν〉+
∫ t
t/α
dτDµD
λ〈x, λ|e−τH(1)|x′, ν〉. (2)
(The second term can be expressed also by the heat kernel for a scalar field since the
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following identity holds [7]:
Dµ〈x, µ|e−tH(1)|x′, ν〉 = −D′ν〈x|e−tH0 |x′〉, (3)
where H0 = ✷ for the scalar field.) The formula (2) connects the kernel for H(α) to that
for minimal operator H(1) (and H0). Thus the expansion coefficients can be obtained by
De Witt’s algorithm. Similar formulae are given in ref.[8] for the antisymmetric tensor
gauge fields of rank two and three.
In this paper we report a formula similar to (2) for the spin-3/2 Rarita-Schwinger
(RS) field in arbitrary Ricci flat background curved space-time. As applications, we
discuss the gauge dependence of one-loop divergence of effective action and axial and
conformal anomalies. The result is that the axial anomaly and the one-loop divergence are
gauge independent, while the conformal anomaly (more exactly, ζ-regularized anomalous
jacobian of path integral with respect to the local Weyl transformation) have a gauge
dependent total derivative term in d = 2m ≥ 6 dimensions.
2 Heat kernel in a general covariant gauge
The classical lagrangian of the massless RS field ψµ in d (> 2) dimensional curved
space-time with metric gµν
1 is given by
LRS = −i√gψ¯µγµνλDνψλ, (4)
where g = | det gµν | and γµνλ is the Dirac matrix γµγνγλ antisymmetrized with respect
to the indices µ, ν and λ. For the consistency we assume that the background space-time
satisfies the vacuum Einstein equation Rµν = 0. Then, the action integral is invariant
under the gauge transformation δψµ = DµΛ with arbitrary spinor Λ. To (4) we add the
following gauge fixing term [12]:
LGF =
i
α
√
g(ψ¯µγ
µ)D/ (γνψν), (5)
1The Euclidean signature of the metric is assumed in this paper. In our convention, siggµν =
(−,−, ...,−), γ†
µ
= −γµ, and the Dirac operator D/ is hermitian.
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where α is a numerical gauge parameter. Then, the total lagrangian can be written as
LRS + LGF = −i√gφ¯µD(α′) νµ φν , (6)
where we have made a field redefinition [13]
φµ = ψµ − 1
2
γµγ
λψλ, (7)
and the operator D(α′) is defined by
D(α′) νµ = D/ δνµ +
2α′
d
γµD/γ
ν (8)
with α′ given by
2α′
d
=
4
(d− 2)2
(
d− 2
4
− 1
α
)
. (9)
In terms of the redefined field φµ, our gauge family includes ‘Feynman gauge’ [13]. Namely,
by choosing α = 4/(d − 2) (that is, α′ = 0) we get Dirac-like operator D(0) = D/ , the
square of which is a minimal operator. For any other value of α′, D(α′)2 is non-minimal.
In this paper we consider the heat kernel for the φµ field, that is, the kernel for the
non-minimal operator D(α′)2,
Kµν(x, x
′; t) = 〈x, µ|e−tD(α′)2 |x′, ν〉 (10)
with general value of the parameter α′ ( 6= d
2(d−2)
). For the comparison, we put a ‘hat’ on
the kernel in the Feynman gauge:
Kˆµν(x, x
′; t) = Kµν(x, x
′; t)|α′=0.
In the following, we also need the spin-1/2 heat kernel K(x, x′; t),
K(x, x′; t) = 〈x|e−tD/ 2 |x′〉. (11)
We can employ the DeWitt ansatz for Kˆµν(x, x
′; t) andK(x, x′; t). For example,K(x, x′; t)
can be expanded as [2]
K(x, x′; t) =
∆1/2
(4pit)d/2
eσ/2t
∞∑
n=0
bn(x, x
′)tn, (12)
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where σ is the geodetic interval and ∆ is the Van Vleck determinant. Contrary, as far
as x 6= x′, the kernel Kµν(x, x′; t) does not have an expansion similar to (12). If x = x′,
however, it has an asymptotic expansion [3],
Kµν(x, x; t) =
1
(4pit)d/2
∞∑
n=0
Bnµν(x)t
n. (13)
The kernel Kµν(x, x
′; t) satisfies the following heat equation and boundary condition:
∂
∂t
Kµν′(t) = −D(α′)2Kµν′(t) (14)
Kµν′(0) = g
−1/2gµνδ(x− x′), (15)
where we have used abbreviation such as Kµν′(t) = Kµν(x, x
′; t); primed [unprimed] in-
dices denote vector indices at the point x′ [x]. Similar equations characterize K(t).
Assuming now Kˆµν′(t) satisfies (14) and (15) with α
′ = 0, we can write the solution
to (14) and (15) with general value of α′ as
Kµν′(t) = Kˆµν′(t)+
∑
i=+,−
1
Ni
∫ t
li
2t
dτ
{
DµD
λ + ai(γµD/D
λ +DµD/γ
λ) + ai
2γµD/
2γλ
}
Kˆλν′(τ)
(16)
where N±, a± and l± are functions of α
′ defined by
N± = da±
2 + 2a± + 1,
2a± = l± − 1,
l± = α
′ ± f(α′),
f(α′) =
√
(1− α′)2 + 4α′/d. (17)
This is the spin-3/2 counterpart of (2). In contrast to the electromagnetic case, there
appear two τ -integrations. This is attributable to the fact that φµ includes two spinor
components γµφµ andD
µφµ; while Aµ has only one scalar component D
µAµ. It is straight-
forward to see that the right hand side of (16) satisfies (14) and (15) in the Ricci flat
space-time.
The second term of (16) can be expressed also by the spin-1/2 heat kernel K(t). In
the Ricci flat space-time, we have the following identities analogous to (3):
γµKˆµν′(t) = K(t)γν′,
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DµKˆµν′(t) = −D′νK(t). (18)
Thus, (16) can be written as
Kµν′(t) = Kˆµν′(t)−
∑
i=+,−
1
Ni
∫ t
li
2t
dτ
{
DµD
′
νK(τ)
+ai
(
γµD/D
′
νK(τ)−DµD/K(τ)γν′
)
− ai2γµD/ 2K(τ)γν′
}
(19)
The expression (16) or (19) enables us to use DeWitt’s technique to get the asymptotic
expansion coefficients Bnµν(x) in (13). From (19) and (12) it follows that
Bnµν(x) = Bˆnµν(x)− pn
2
gµν [bn]− qn
2
(γµγν [bn] + [bn]γµγν)
+qn
(
γµγ
λ[bn−1;λν′ ] + [bn−1;µλ′ ]γ
λγν
)
+ rnγµ[bn]γν , (20)
where Bˆnµν(x) = Bnµν(x)|α′=0 is the expansion coefficient of Kˆµν(x, x; t), and
pn =
k+n
N+
+
k−n
N−
,
qn =
a+k+n
N+
+
a−k−n
N−
,
rn =
(
n− d
2
)(
a+
2k+n
N+
+
a−
2k−n
N−
)
(21)
with
k±n =


(l±
2)
n−d/2 − 1
n− d/2 , (n 6= d/2)
ln l±
2. (n = d/2)
(22)
In (20) we have used Synge’s bracket symbol [14] to denote the coincidence limit such as
[bn;µν′ ] = lim
x′→x
D′νDµbn(x, x
′).
Expansion coefficients [bn] and Bˆnµν for lower n are given in refs.[2, 3]:
[b0] = 1, [b1] = 0,
[b2] =
1
180
RαβγδR
αβγδ1 +
1
12
RαβR
αβ; (23)
Bˆ0µν = gµν1, Bˆ1µν = −2Rµν ,
Bˆ2µν =
1
3
✷Rµν +
1
180
gµνRαβγδR
αβγδ1− 1
12
RµαβγR
αβγ
ν 1
+
1
6
RµναβR
αβ +
1
12
gµνRαβR
αβ − 2RµαR αν , (24)
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where we have used Rµν = 0, and Rµν is defined by
Rµν =
1
8
[γα, γβ]Rαβµν . (25)
The coincidence limit of [bn;µν′ ] can be calculated by using De Witt’s technique [2]:
[b0;µν′ ] =
1
2
Rµν ,
[b1;µν′ ] =
1
90
RµαβγR
αβγ
ν 1+
1
12
(RµαR
α
ν +RναR
α
µ ). (26)
To get these quantities it is convenient to employ generalized Synge’s theorem [5, 14]: For
any two point tensor-spinor Tα1...αnβ′1...β′m,
[Tα1...αnβ′1...β′m];µ = [Tα1...αnβ′1...β′m;µ] + [Tα1...αnβ′1...β′m;µ′]. (27)
Substituting (23), (24) and (26) into (20), we get
B0µν =
(
1− p0
2
)
gµν1+ (r0 − q0)γµγν ,
B1µν =
(
−2 + p1
2
)
Rµν . (28)
The α-dependence appears through the coefficients pn, qn and rn.For example, in four
dimensions,
p0 = −1
2
(α− 2)2(α2 − 3α + 5),
r0 − q0 = 1
8
(α− 2)(2α2 − 5α+ 6),
p1 = −(α− 2)2. (29)
It is also easy to get the expression for B2µν . Especially in four dimensions, after using
some identities valid in d = 4, we find
B2µν = Bˆ2µν . (d = 4) (30)
Namely, B2µν is gauge independent in four dimensions. In higher dimensions, however, it
has α-dependence:
B µ2µ =
1
180
{
(d− 15)− (d− 4)
(
p2
2
+ q2
)
+ (d− 15)r2
}
RαβγδR
αβγδ
+
1
12
{
(d− 24)− (d− 4)
(
p2
2
+ q2
)
+ (d− 8)r2
}
RαβR
αβ. (31)
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3 Axial and conformal anomalies, and one-loop divergence
As applications of the formula (19), we consider here the axial anomaly Aaxial(x), the
conformal anomalyAconf(x) and the one-loop logarithmic divergent term Sdiv of the action
in d = 2m dimensional space-time. Following the standard procedure (for example, see
refs.[2, 4, 15, 16]), these quantities are given by the coefficient Bmµν(x):
Aaxial(x) ∝ trγ5B µmµ (x), (32)
Aconf(x) ∝ trB µmµ (x), (33)
Sdiv ∝
∫
trB µmµ (x)
√
gd2mx, (34)
to which the contributions from the Faddeev-Popov ghosts [17] are assumed to be added.
By the ‘conformal anomaly’ we mean the anomalous term coming from the path integral
jacobian with respect to the local Weyl transformation [16] of the φµ-field. To regularize
the anomalous jacobian, we have used the ζ-function regularization [15].
As seen from (30), there are no gauge dependent term in these quantities in four
dimensions. To get the higher dimensional results, let us consider the quantity [K µ
′
µ (t)] =
K µµ (x, x; t). By successive use of Synge’s theorem (27) to K;µν′(τ) in (19), we can write
[K µ
′
µ (t)] = [Kˆ
µ′
µ (t)] +
∑
i=+,−
1
2Ni
∫ li2t
t
dτ✷[K(τ)]
+
∑
i=+,−
1
Ni
{
(1± 2ai)([K(li2t)]− [K(t)]) + ai2γµ([K(li2t)]− [K(t)])γµ
}
+
∑
i=+,−
1
Ni
∫ li2t
t
dτai
{[
γµ, [D′µD/K(τ)]
]
∓
−
[
[DµD/K(τ)], γ
µ
]
∓
}
, (35)
where [X, Y ]∓ = XY ∓ Y X. In deriving (35), we have also used the identity
D/K(t) = −K(t)
←
D/ ′ (36)
together with the heat equation for K(t).
Now we can consider the quantities trB µmµ and trγ5B
µ
mµ . Since B
µ
mµ (x) is the t-
independent term in the asymptotic expansion of K µµ (x, x; t), the third term of (35) does
not contribute to B µmµ . The fourth term does not contribute either after the trace is
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taken, because tr(γµX −Xγµ) = trγ5(γµX +Xγµ) = 0. Thus the gauge dependent term
comes only from the second term:
trΓB µmµ = trΓBˆ
µ
mµ +
pm
2
✷trΓ[bm−1], (Γ = 1, γ5) (37)
where α′-dependence of pm is given by
pm =
2m
2m− 1 ln
∣∣∣∣∣2(m− 1)α
′
m
− 1
∣∣∣∣∣− 2(mα
′ −m+ 1)
(2m− 1)f(α′) ln
∣∣∣∣∣α
′ + f(α′)
α′ − f(α′)
∣∣∣∣∣ . (38)
with f(α′) defined by (17).
From (37) we can conclude that the axial anomaly (32) is α-independent. In fact,
trγ5[bm−1] = 0 since [bm−1] has at most 2(m− 1) = d− 2 factors of γ-matrices [13]. This
result agrees with the previous literature [13, 18].
The α-independence of the one-loop divergence (34) is also obvious, since the second
term of (37) is total derivative. On the contrary, the gauge dependent term does not
vanish for the conformal anomaly (33); tr[bm−1] does not vanish in general (d ≥ 6). For
example, in d = 6 dimensions, Aconf has a gauge dependent term proportional to
p3
2
✷tr[b2] = −7p3
360
✷(RαβγδR
αβγδ). (39)
4 Discussion
There are three possibilities to explain the gauge dependence of the conformal anomaly:
1. The massless spin-3/2 system is not conformal invariant even on the classical level.
In such a system, the trace of the energy-momentum tensor is not equal to the
conformal anomaly. Instead,
〈T µµ 〉 = Aconf +Dµ〈Jµ〉, (40)
with a current Jµ(x) [16, 19]. This current may show gauge dependence so that the
‘physical’ 〈T µµ 〉 may have no gauge dependence [19].
2. Even classically, the energy-momentum tensor of spin-3/2 system depends on gauge
[20]. Thus, the left hand side of (40) may also show gauge dependence.
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3. When we introduce the gauge fixing term LGF (5), we should also consider the
functional determinant detαδ(x−x′)1 in the path integral [21]. (This factor may be
included in the ghost determinant [21].) As in the case of vector and antisymmetric
tensor gauge fields [21], this factor may yields a gauge dependent contribution to
〈T µµ 〉.
These three possible α-dependences should balance the dependence from Aconf in (40);
further study is needed to check it. We emphasize here that, besides the possibilities
mentioned above, the gauge dependent term (39) of the anomaly in six dimensions can
be removed by a finite counterterm. In fact, we can see
√
g✷(RαβγδR
αβγδ) = −2
3
gµν
δ
δgµν
∫
d6x
√
gR αβµν R
ρσ
αβ R
µν
ρσ (41)
in Ricci flat space-time. Moreover, if we allow more artificial counterterms, ✷tr[bm−1] in
2m dimensions can be removed, since it may be written as
√
g✷tr[bm−1] = − 1
m− 1gµν
δ
δgµν
∫
d2mx
√
gtr[bm−1]R
∣∣∣∣∣
Rµν=0
. (42)
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